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Problem 4.22

(a) Starting with the canonical commutation relations for position and momentum (Equation
4.10), work out the following commutators:

[Lz, x] = iℏy,
[Lz, px] = iℏpy,

[Lz, y] = −iℏx,
[Lz, py] = −iℏpx,

[Lz, z] = 0

[Lz, pz] = 0.
(4.122)

(b) Use these results to obtain [Lz, Lx] = iℏLy directly from Equation 4.96.

(c) Find the commutators [Lz, r
2] and [Lz, p

2] (where, of course, r2 = x2 + y2 + z2 and
p2 = p2x + p2y + p2z).

(d) Show that the Hamiltonian H = (p2/2m) + V commutes with all three components of L,
provided that V depends only on r. (Thus H, L2, and Lz are mutually compatible
observables.)

Solution

Part (a)

Equation 4.10 on page 132 was derived in Problem 4.1.

[xj , pk] = iℏδjk ⇒


[x, px] = iℏ, [x, py] = 0, [x, pz] = 0

[y, px] = 0, [y, py] = iℏ, [y, pz] = 0

[z, px] = 0, [z, py] = 0, [z, pz] = iℏ

[xj , xk] = 0 ⇒


[x, x] = 0, [x, y] = 0, [x, z] = 0

[y, x] = 0, [y, y] = 0, [y, z] = 0

[z, x] = 0, [z, y] = 0, [z, z] = 0

[pj , pk] = 0 ⇒


[px, px] = 0, [px, py] = 0, [px, pz] = 0

[py, px] = 0, [py, py] = 0, [py, pz] = 0

[pz, px] = 0, [pz, py] = 0, [pz, pz] = 0

Recall the commutator identities from Problem 3.14 on page 108.[
Â+ B̂, Ĉ

]
=

[
Â, Ĉ

]
+
[
B̂, Ĉ

]
[
ÂB̂, Ĉ

]
= Â

[
B̂, Ĉ

]
+
[
Â, Ĉ

]
B̂

And note how the three components of L are defined.

L = r× p =

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

x y z

px py pz

∣∣∣∣∣∣∣∣ ⇒


Lx = ypz − zpy

Ly = zpx − xpz

Lz = xpy − ypx
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Derive the first commutator.

[Lz, x] = [xpy − ypx, x]

= [xpy, x]− [ypx, x]

= (x[py, x] + [x, x]py)− (y[px, x] + [y, x]px)

= (−x[x, py] + 0 · py)− (−y[x, px] + 0 · px)

= (−x · 0)− (−y · iℏ)

= iℏy

Derive the second commutator.

[Lz, y] = [xpy − ypx, y]

= [xpy, y]− [ypx, y]

= (x[py, y] + [x, y]py)− (y[px, y] + [y, y]px)

= (−x[y, py] + 0 · py)− (−y[y, px] + 0 · px)

= (−x · iℏ)− (−y · 0)

= −iℏx

Derive the third commutator.

[Lz, z] = [xpy − ypx, z]

= [xpy, z]− [ypx, z]

= (x[py, z] + [x, z]py)− (y[px, z] + [y, z]px)

= (−x[z, py] + 0 · py)− (−y[z, px] + 0 · px)

= (−x · 0)− (−y · 0)

= 0

Derive the fourth commutator.

[Lz, px] = [xpy − ypx, px]

= [xpy, px]− [ypx, px]

= (x[py, px] + [x, px]py)− (y[px, px] + [y, px]px)

= (x · 0 + iℏ · py)− (y · 0 + 0 · px)

= iℏpy
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Derive the fifth commutator.

[Lz, py] = [xpy − ypx, py]

= [xpy, py]− [ypx, py]

= (x[py, py] + [x, py]py)− (y[px, py] + [y, py]px)

= (x · 0 + 0 · py)− (y · 0 + iℏ · px)

= −iℏpx

Derive the sixth commutator.

[Lz, pz] = [xpy − ypx, pz]

= [xpy, pz]− [ypx, pz]

= (x[py, pz] + [x, pz]py)− (y[px, pz] + [y, pz]px)

= (x · 0 + 0 · py)− (y · 0 + 0 · px)

= 0

Part (b)

Use the results of part (a) to derive the commutator of Lz and Lx.

[Lz, Lx] = −[Lx, Lz]

= −[ypz − zpy, Lz]

= −([ypz, Lz]− [zpy, Lz])

= −{(y[pz, Lz] + [y, Lz]pz)− (z[py, Lz] + [z, Lz]py)}

= −y[pz, Lz]− [y, Lz]pz + z[py, Lz] + [z, Lz]py

= y[Lz, pz] + [Lz, y]pz − z[Lz, py]− [Lz, z]py

= y(0) + (−iℏx)pz − z(−iℏpx)− (0)py

= −iℏxpz + iℏzpx

= iℏ(zpx − xpz)

= iℏLy
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Part (c)

Calculate the commutator of Lz and r2.

[Lz, r
2] = −[r2, Lz]

= −[x2 + y2 + z2, Lz]

= −([x2, Lz] + [y2, Lz] + [z2, Lz])

= −([xx, Lz] + [yy, Lz] + [zz, Lz])

= −{(x[x, Lz] + [x, Lz]x) + (y[y, Lz] + [y, Lz]y) + (z[z, Lz] + [z, Lz]z)}

= −x[x, Lz]− [x, Lz]x− y[y, Lz]− [y, Lz]y − z[z, Lz]− [z, Lz]z

= x[Lz, x] + [Lz, x]x+ y[Lz, y] + [Lz, y]y + z[Lz, z] + [Lz, z]z

= x(iℏy) + (iℏy)x+ y(−iℏx) + (−iℏx)y + z(0) + (0)z

= iℏ(xy + yx− yx− xy)

= iℏ(0)

= 0

Calculate the commutator of Lz and p2.

[Lz, p
2] = −[p2, Lz]

= −[p2x + p2y + p2z, Lz]

= −([p2x, Lz] + [p2y, Lz] + [p2z, Lz])

= −([pxpx, Lz] + [pypy, Lz] + [pzpz, Lz])

= −{(px[px, Lz] + [px, Lz]px) + (py[py, Lz] + [py, Lz]py) + (pz[pz, Lz] + [pz, Lz]pz)}

= −px[px, Lz]− [px, Lz]px − py[py, Lz]− [py, Lz]py − pz[pz, Lz]− [pz, Lz]pz

= px[Lz, px] + [Lz, px]px + py[Lz, py] + [Lz, py]py + pz[Lz, pz] + [Lz, pz]pz

= px(iℏpy) + (iℏpy)px + py(−iℏpx) + (−iℏpx)py + pz(0) + (0)pz

= iℏ(pxpy + pypx − pypx − pxpy)

= iℏ(0)

= 0
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In preparation for part (d), also compute the commutator of Lx and p2.

[Lx, p
2] = −[p2, Lx]

= −[p2x + p2y + p2z, Lx]

= −([p2x, Lx] + [p2y, Lx] + [p2z, Lx])

= −([pxpx, Lx] + [pypy, Lx] + [pzpz, Lx])

= −{(px[px, Lx] + [px, Lx]px) + (py[py, Lx] + [py, Lx]py) + (pz[pz, Lx] + [pz, Lx]pz)}

= −px[px, Lx]− [px, Lx]px − py[py, Lx]− [py, Lx]py − pz[pz, Lx]− [pz, Lx]pz

= px[Lx, px]

+ [Lx, px]px

+ py[Lx, py]

+ [Lx, py]py

+ pz[Lx, pz]

+ [Lx, pz]pz

= px[ypz − zpy, px]

+ [ypz − zpy, px]px

+ py[ypz − zpy, py]

+ [ypz − zpy, py]py

+ pz[ypz − zpy, pz]

+ [ypz − zpy, pz]pz

= px([ypz, px]− [zpy, px])

+ ([ypz, px]− [zpy, px])px

+ py([ypz, py]− [zpy, py])

+ ([ypz, py]− [zpy, py])py

+ pz([ypz, pz]− [zpy, pz])

+ ([ypz, pz]− [zpy, pz])pz
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Use the fact that
[
ÂB̂, Ĉ

]
= Â

[
B̂, Ĉ

]
+
[
Â, Ĉ

]
B̂ and apply the known commutation relations.

[Lx, p
2] = px{(y[pz, px] + [y, px]pz)− (z[py, px] + [z, px]py)}

+ {(y[pz, px] + [y, px]pz)− (z[py, px] + [z, px]py)}px

+ py{(y[pz, py] + [y, py]pz)− (z[py, py] + [z, py]py)}

+ {(y[pz, py] + [y, py]pz)− (z[py, py] + [z, py]py)}py

+ pz{(y[pz, pz] + [y, pz]pz)− (z[py, pz] + [z, pz]py)}

+ {(y[pz, pz] + [y, pz]pz)− (z[py, pz] + [z, pz]py)}pz

= px{(y · 0 + 0 · pz)− (z · 0 + 0 · py)}

+ {(y · 0 + 0 · pz)− (z · 0 + 0 · py)}px

+ py{(y · 0 + iℏ · pz)− (z · 0 + 0 · py)}

+ {(y · 0 + iℏ · pz)− (z · 0 + 0 · py)}py

+ pz{(y · 0 + 0 · pz)− (z · 0 + iℏ · py)}

+ {(y · 0 + 0 · pz)− (z · 0 + iℏ · py)}pz

= py(iℏpz) + (iℏpz)py − pz(iℏpy)− (iℏpy)pz

= iℏ(pypz + pzpy − pzpy − pypz)

= iℏ(0)

= 0
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In preparation for part (d), also compute the commutator of Ly and p2.

[Ly, p
2] = −[p2, Ly]

= −[p2x + p2y + p2z, Ly]

= −([p2x, Ly] + [p2y, Ly] + [p2z, Ly])

= −([pxpx, Ly] + [pypy, Ly] + [pzpz, Ly])

= −{(px[px, Ly] + [px, Ly]px) + (py[py, Ly] + [py, Ly]py) + (pz[pz, Ly] + [pz, Ly]pz)}

= −px[px, Ly]− [px, Ly]px − py[py, Ly]− [py, Ly]py − pz[pz, Ly]− [pz, Ly]pz

= px[Ly, px]

+ [Ly, px]px

+ py[Ly, py]

+ [Ly, py]py

+ pz[Ly, pz]

+ [Ly, pz]pz

= px[zpx − xpz, px]

+ [zpx − xpz, px]px

+ py[zpx − xpz, py]

+ [zpx − xpz, py]py

+ pz[zpx − xpz, pz]

+ [zpx − xpz, pz]pz

= px([zpx, px]− [xpz, px])

+ ([zpx, px]− [xpz, px])px

+ py([zpx, py]− [xpz, py])

+ ([zpx, py]− [xpz, py])py

+ pz([zpx, pz]− [xpz, pz])

+ ([zpx, pz]− [xpz, pz])pz
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Use the fact that
[
ÂB̂, Ĉ

]
= Â

[
B̂, Ĉ

]
+
[
Â, Ĉ

]
B̂ and apply the known commutation relations.

[Ly, p
2] = px{(z[px, px] + [z, px]px)− (x[pz, px] + [x, px]pz)}

+ {(z[px, px] + [z, px]px)− (x[pz, px] + [x, px]pz)}px

+ py{(z[px, py] + [z, py]px)− (x[pz, py] + [x, py]pz)}

+ {(z[px, py] + [z, py]px)− (x[pz, py] + [x, py]pz)}py

+ pz{(z[px, pz] + [z, pz]px)− (x[pz, pz] + [x, pz]pz)}

+ {(z[px, pz] + [z, pz]px)− (x[pz, pz] + [x, pz]pz)}pz

= px{(z · 0 + 0 · px)− (x · 0 + iℏ · pz)}

+ {(z · 0 + 0 · px)− (x · 0 + iℏ · pz)}px

+ py{(z · 0 + 0 · px)− (x · 0 + 0 · pz)}

+ {(z · 0 + 0 · px)− (x · 0 + 0 · pz)}py

+ pz{(z · 0 + iℏ · px)− (x · 0 + 0 · pz)}

+ {(z · 0 + iℏ · px)− (x · 0 + 0 · pz)}pz

= px(−iℏpz) + (−iℏpz)px + pz(iℏpx) + (iℏpx)pz

= iℏ(−pxpz − pzpx + pzpx + pxpz)

= iℏ(0)

= 0
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Part (d)

Assume that H = (p2/2m) + V , where V only depends on r: V = V (r). Calculate the
commutator of H and Lx by letting it act on a test function.

[H,Lx]f =

[
p2

2m
+ V,Lx

]
f

=

([
p2

2m
,Lx

]
+ [V,Lx]

)
f

=

(
1

2m
[p2, Lx] + [V,Lx]

)
f

=

(
− 1

2m
[Lx, p

2] + [V,Lx]

)
f

=

(
− 1

2m
· 0 + [V,Lx]

)
f

= [V,Lx]f

= (V Lx − LxV )f

= V Lxf − Lx(V f)

= V (ypz − zpy)f − (ypz − zpy)(V f)

= V

[
y

(
−iℏ

∂

∂z

)
− z

(
−iℏ

∂

∂y

)]
f −

[
y

(
−iℏ

∂

∂z

)
− z

(
−iℏ

∂

∂y

)]
V f

= −iℏyV
∂f

∂z
+ iℏzV

∂f

∂y
+ iℏy

∂

∂z
(V f)− iℏz

∂

∂y
(V f)

= −
�
����

iℏyV
∂f

∂z
+
Z
Z
Z
ZZ

iℏzV
∂f

∂y
+ iℏy

∂V

∂z
f +

��
���

iℏyV
∂f

∂z
− iℏz

∂V

∂y
f −

Z
Z
Z

ZZ

iℏzV
∂f

∂y

= iℏ
(
y
∂V

∂z
− z

∂V

∂y

)
f

= iℏ
(
y
dV

dr

∂r

∂z
− z

dV

dr

∂r

∂y

)
f

= iℏ
dV

dr

(
y
∂r

∂z
− z

∂r

∂y

)
f

= iℏ
dV

dr

[
y · 1

2
(x2 + y2 + z2)−1/2 · 2z − z · 1

2
(x2 + y2 + z2)−1/2 · 2y

]
f

= iℏ
dV

dr
(0)f

= 0

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.22 Page 10 of 11

Calculate the commutator of H and Ly by letting it act on a test function.

[H,Ly]f =

[
p2

2m
+ V,Ly

]
f

=

([
p2

2m
,Ly

]
+ [V,Ly]

)
f

=

(
1

2m
[p2, Ly] + [V,Ly]

)
f

=

(
− 1

2m
[Ly, p

2] + [V,Ly]

)
f

=

(
− 1

2m
· 0 + [V,Ly]

)
f

= [V,Ly]f

= (V Ly − LyV )f

= V Lyf − Ly(V f)

= V (zpx − xpz)f − (zpx − xpz)(V f)

= V

[
z

(
−iℏ

∂

∂x

)
− x

(
−iℏ

∂

∂z

)]
f −

[
z

(
−iℏ

∂

∂x

)
− x

(
−iℏ

∂

∂z

)]
V f

= −iℏzV
∂f

∂x
+ iℏxV

∂f

∂z
+ iℏz

∂

∂x
(V f)− iℏx

∂

∂z
(V f)

= −
�
����

iℏzV
∂f

∂x
+
HH

HHH
iℏxV

∂f

∂z
+ iℏz

∂V

∂x
f +

�
����

iℏzV
∂f

∂x
− iℏx

∂V

∂z
f −

HH
HHH

iℏxV
∂f

∂z

= iℏ
(
z
∂V

∂x
− x

∂V

∂z

)
f

= iℏ
(
z
dV

dr

∂r

∂x
− x

dV

dr

∂r

∂z

)
f

= iℏ
dV

dr

(
z
∂r

∂x
− x

∂r

∂z

)
f

= iℏ
dV

dr

[
z · 1

2
(x2 + y2 + z2)−1/2 · 2x− x · 1

2
(x2 + y2 + z2)−1/2 · 2z

]
f

= iℏ
dV

dr
(0)f

= 0
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Calculate the commutator of H and Lz by letting it act on a test function.

[H,Lz]f =

[
p2

2m
+ V,Lz

]
f

=

([
p2

2m
,Lz

]
+ [V,Lz]

)
f

=

(
1

2m
[p2, Lz] + [V,Lz]

)
f

=

(
− 1

2m
[Lz, p

2] + [V,Lz]

)
f

=

(
− 1

2m
· 0 + [V,Lz]

)
f

= [V,Lz]f

= (V Lz − LzV )f

= V Lzf − Lz(V f)

= V (xpy − ypx)f − (xpy − ypx)(V f)

= V

[
x

(
−iℏ

∂

∂y

)
− y

(
−iℏ

∂

∂x

)]
f −

[
x

(
−iℏ

∂

∂y

)
− y

(
−iℏ

∂

∂x

)]
V f

= −iℏxV
∂f

∂y
+ iℏyV

∂f

∂x
+ iℏx

∂

∂y
(V f)− iℏy

∂

∂x
(V f)

= −
�
�
�
��

iℏxV
∂f

∂y
+
H
HHHH

iℏyV
∂f

∂x
+ iℏx

∂V

∂y
f +

�
�
�

��
iℏxV

∂f

∂y
− iℏy

∂V

∂x
f −

H
HHHH

iℏyV
∂f

∂x

= iℏ
(
x
∂V

∂y
− y

∂V

∂x

)
f

= iℏ
(
x
dV

dr

∂r

∂y
− y

dV

dr

∂r

∂x

)
f

= iℏ
dV

dr

(
x
∂r

∂y
− y

∂r

∂x

)
f

= iℏ
dV

dr

[
x · 1

2
(x2 + y2 + z2)−1/2 · 2y − y · 1

2
(x2 + y2 + z2)−1/2 · 2x

]
f

= iℏ
dV

dr
(0)f

= 0

Therefore, the Hamiltonian H = (p2/2m) + V commutes with all three components of L, provided
that V depends only on r.
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